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NORMS WITH LOCALLY
LIPSCHITZIAN DERIVATIVES

BY
M. FABIAN, J. H.M. WHITFIELD' AND V. ZIZLER

ABSTRACT

If a scparable Banach space X admits a real valued function ¢ with bounded
nonempty support, ¢' is locally Lipschitzian and if no subspace of X is
isomorphic to ¢,, then X admits an equivalent twice Gateaux differentiable
norm whose first Frechet differential is Lipschitzian on the unit sphere of X.

1. Introduction

In this paper we study some stronger smoothness properties of real Banach
spaces. Throughout the paper X will be a real Banach space and, usually, we
consider spaces which have no subspace isomorphic to ¢,. (Subspaces are always
closed.)

We begin with some notation and definitions. A function ¢ : X — R, the reals,
with bounded nonempty support is called a bump function. If there is such a
function ¢ on X with ¢’ locally uniformly continuous on X (resp., locally
Lipschitz on X) then X is said to be locally uniformly smooth (LUS) (resp.,
locally Lipschitz smooth (LLS)). Correspondingly, we say X is uniformly smooth
(US) (resp., Lipschitz smooth (LS)) if the above properties are global. Above and
throughout the paper, unless otherwise stated, all derivatives are taken in the
Fréchet sense.

A Banach space X is of type 2 (see [10]) if there is C < such that for every
finite set x,, X2, ,Xn,

gz"cgnx,.nz.

X is super-reflexive [11] if only reflexive spaces Y are finitely representable in X,
that is, for each ¢ >0 and finite dimensional such space FCY there is an
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isomorphism T of F onto T(F)C X such that |T| |T7||=1+e&. By the
Enflo-James theorem [6], X is super-reflexive if and only if X admits an

equivalent uniformly rotund norm, that is, lim| x, — y. || = 0 whenever x,, y, € X,
{x.} bounded and

lim [2]] %, [ +2]| ya P = | xa + y. [F] = 0.

Further, the norm ||| is locally uniformly rotund (LUR) provided
lim|x — x,||=0 whenever x,, x € X and lim[2|x|F+2]x.|*—]|x + x.|}]=0.
Kadec (see [5]) has shown that every separable Banach space admits an
equivalent LUR norm. (Since we are concerned only about equivalent norms,
usually we will omit the word equivalent.) x € K, K C X and convex, is a
strongly exposed point [16] of K if there is f& X* such that f(x)=
sup{f(y):y €K} and if x, €K, limf(x,) = f(x), then lim|x, — x| =0.

2. Preliminary results

2.1 ProposITION. If X is a Banach space satisfying :
(i) X admits an LUR norm;
(i) X is LUS (resp., LLS);
(iii) No subspace of X is isomorphic to c,.
Then X is US (resp., LS).

In the proof we will use the following two lemmas.

2.2 Lemma. If || is an LUR norm on X and K C X is compact, then for each
e >0 there is 6 >0 such that for every finite F C K there is a finite codimensional
subspace H C X such that foreach h € H, | h|| = &, we have ||x + h||>| x ||+ & for
each x € F.

ProoF. Let x, €K and h, € f;'(0) where f, supports B(0,||x.|) at x., i.e.,
If.l=1 and f.(x.) =||x. ||. First we will show that if || x, + h, | — || x. [F—0, then
h,—0. We may assume x, — xo# 0. Then

0§2|IXO

2+ 2| x, + ke [P =]l x0+ X0 + b |
= 2| xolP + 2)|xa = | fo (xo + xa + Ba )+ 2] x0 + Ba [ = 2| x. |
= 20 xolf + 2012 P = (2] 0 | = 1% = X0IF +2[| %0 + Ao [ = 2| . |

So,  ImQ@|xol+2]|x, + ha|f— |l X0+ xs + h.[))=0. Thus, by LUR,
| x» + By — xo/l=0 and, consequently, h, —0.
Therefore, we have that for every £ >0 there is 6 >0 such that x €K,



264 M. FABIAN ET AL. Isr. J. Math.

h € f.'(0) where f, supports B(0,|x [)) at x, |h]|= ¢ implies ||| x + h||—||x ||| = 6.
Further, since |x + h||Zf.(x + h)=f.(x)=|lx|, [|x + k| =] x|+ 8. The proof
can now be finished easily.

The following lemma is similar to lemma 2.2 in [21].

2.3 LEmMMA. Let ||-| be an LUR norm on X and let ¢ : X —R be such that
¢ (0)=0 and ¢’ is locally uniformly continuous on X. Assume X is not US and set
F={FCX:card F<» and ®(x)=|x|| for all x EF}. For FE %, let

Q(F)={h e X:||h||=},¢(x £ h)=|x = k| foreach x € F}.

Assume K C X is compact. Then there exists a 8¢ > 0 such that for every F C K
such that F € & there exists h € Q(F) such that |h| = 8.

ProoF. For each x € K there is g, > 0 so that ¢’ is uniformly continuous on
B(x,&,). Then K C U:’L,B(x.—,e,ﬂ), x; EK. Let ¢ =min{e,:i =1,---,m}. For
x €K, ¢' is uniformly continuous on B(x,¢/2)C B(xi,e,), for some i Let
F={y:," -,y.} C K, FE %, and consider the function

b(h)= 2 (S0 +h) = SGF +[60i —h) = $(F)-

Then ¢’ is uniformly continuous on || k|| < /2. By Lemma 2.2, for K, F and
¢ >0 as given, there exist 0 < § < £ and a finite codimensional subspace H C X
so that |x + h||>| x|+ & for each x € F and each h € H, ||h|> &.

Suppose that for each h € H, £ /4 <| h|| < £/2, we have ¢(h)> 8°. Thenif 7 is
a C*-function on R such that 7(t)=0 for [t|= 5% 7(0)=1, then rey has a
uniformly continuous differential on B(0,£/2), 7(¢(0)) =1 and 7(¥(x)) =0 for
x € H, e/4<| x| < /2. Setting 7oy =0 for || x || = £ /2 we obtain a function on H
with bounded support and uniformly continuous differential. Since X = H @ Hj,
dim H, < %, we can construct such a bump function on X which contradicts the
assumption that X is not US. Thus, there is ho € H, /4 <| hol| < £/2 such that
Y(ho)= 6% Then

d(yith)=d(y)+8=|y|+8=|y =h| foreachy E€F.

So ho€ Q(F) and 6« >0.
We note that a similar result can be proved for Lipschitz smoothness.

PROOF OF ProposITION.  (We will prove it for the US case; the other case is
similar.) Let ||| be an LUR norm on X no subspace of which is isomorphic to ¢q,
and let ¢ :X—>R, ¢(0)=0, ¢(x)=3 for |x||=1 and ¢' is locally uniformly
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continuous. Assume X is not US; we will obtain a contradiction using a
technique introduced in [4] and [13] and used in [21].

A sequence {h.}C X is constructed inductively such that ¢(Z7.e:h)=
|[Zr.oe:hill for each n =0, 1,--- and each choice of & = + 1, as follows: h,=0
and if hg, -, h, have been constructed put F, = {2/ o&h; : &, = =1} . Choose
h... € Q(F,), by Lemma 2.3, so that h,,, > !sup{|h|:h € O(F,)}.

Now, if |Zf-oe:h:||= 1 for each n and each choice of & = + 1, we obtain a
contradiction. For, since no subspace of X is isomorphic to ¢y, by a result of
Bessaga and Pelczynski ([1], cf. [17], p. 98), Zh; is unconditionally convergent.
Hence the partial sum {2/, gh, : n =0,1,---, & = = 1} is relatively compact. So,
by Lemma 2.3,

hn

inf |, ||Z{inf sup{|h|l:h € O(F,)} >0

which contradicts the convergence of 2h;.

On the other hand, suppose that for some n and some choice &, [| 7o &k || >
1. Let n be the first integer such that £ .&h;||> 1 for some choice &. Then
|Zra &hi]|=1 and, since ||h] <3, |Zr-oéh|<1+i<3. Thus, ¢(Zroéh)=
| Sr_0 & h: || <3 which contradicts that ¢(x) =3 for ||x[=1.

The following lemma presents a Lipschitz variant of the Banach-Smulian
characterization of smooth points on the unit sphere of a Banach space.

2.4 LeMMA. Fory € X let f, denote a support functional of B(0,]|y ) at y. For
each x € X, ||x| =1, the following are equivalent :
(i) There is C >0 such that for all h € X,

lx+hll=lix]|-f(r)=ClhI.
(ii) There is C >0 such that for h € X,
lx +hll+lx =kl =2lx|= CllA|.
(iii) There is C >0 such that for g € X*, |Ig||=1,
lg = fll= C(1—g(x))”.
(iv) There is C >0 such that for y € B(0,1),
Ife = £ ll=Clix =yl

(v) There is C>0 such that for y€E X and g €8G|- (), lg—f =
Cilx —y|, where 8@|l-I")(y) denotes the subdifferential of i|-|* at y.
(vi) There is C >0 such that for all h € X,
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lx +hIF+llx =k IF=2]x|F < A

Proor. The equivalence of (i) and (ii) is standard. To show that (i) implies
(i), let ge€X* If heX, |h|=1 and t>0, then t(g—f)(h)=
glx+th)—lx|-f(th)+1-gx)<|x +th|~|x||-f(th)+1-g(x)< Cr+1
—g(x), by (i). Hence,

lg—fll=inf{Ct+¢"'(1—g(x)):t >0}
- CI/Z(I _ g(X))I/Z.
(iii) implies (iv), for, if y € B(0,1), then, by (iii),

If, —fll=CA-f,x)N"?=CA-fx)+yll-f(y)”
= C((fy _fX)(y _,x))112§ C“fy —fx ”1/2'”}’ -X

If y =0, then (v) follows immediately from (iv). If y#0 and g €8 (|- [))(y)s
then glly ™ € 8(-I)(y lly ™). Thus, assuming (iv),

lgly ™ = fll=ClylylF =xlI< Cdly —xlI+lyllyl™ =y
=C(ly —xl+llyl-1h=2Cly —x|.

172

Further, [ g—gllylI"l=lgl-lyl"(lyl=1D=1lyl-1=lly —x[. Thus,
lg—fll=lg—glylli+lglyl™ - fli=@C+1Dly — x|, and (v) obtains.

To show that (v) implies (vi), fix & € X. By the mean value theorem, there is
0=t=1 and g €8¢||-IH(x +th) such that ||x + h|*—||x|? =2g(h). By (v),
I+ k2=l [P=2f. (k) = 2(g — £.)(h) = 2llg — £ |- | | S 2C [ F- The same in-
equality holds for —h and adding the inequalities we get (vi).

Finally, (vi) implies (ii):

lx + Rl +lx—hl=@lx +hIF+2]x - h{F)”
=@l xF+4ClRr Iy =2]x[|+2C|| R

2.5 DErFNITION. (a) f: X —R is said to be twice Gateaux differentiable at
xeXif

(@) f'(y)h, the first Gateaux differential, exists, is linear and continuous in k
for y in some neighbourhood of x;

(i) f"(x)(h,k)=lim_o(1/¢)[f'(x + tk)h — f'(x)h] exists for each h, k EX
and is a continuous, bilinear, ;symmetric form in A and k.

(b) x €S ={x € X:||x||=1} is called a Lipschitz smooth point of S, if any
one of the conditions in Lemma 2.4 is satisfied.
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The following theorem is implicitly contained in [24], [23] and [21]. For sake of
completeness and because it represents a basic technique of proving a smooth-
ness characterization of spaces isomorphic to Hilbert space, we present a proof
(based on one in [21]) of this result. We will need the following lemma from [21,
lemma 2.2].

2.6 LemMa. Let H be a finite codimensional subspace of X. Then there is a
finite codimensional subspace G C X* such that for each g € G there is x € H,
x#0, such that g(x)>}|gl-lx].

2.7 THEOREM. Assume that there is a Lipschitz smooth point x, € S,. Further,
assume that the dual norm on X* is twice Gateaux differentiable on the unit sphere
in X*. Then X is isomorphic to a Hilbert space.

PrOOF. Suppose that the assumptions obtain and that X is not isomorphic to
a Hilbert space. Let ¢(x)=| x| on X and ¢(x*)=|x*|| on X*. For x} € X*
such that x%(xo)=1, ||x¥||=1, define H =(¢'(x0)) '@)N(x¥)"(0)C X. By
Lemma 2.6, there is a finite codimensional subspace G, C X* such that for any
gE G, there is a nonzero x € H such that g(x)>i|gll-x}. Let G=
GiNY'(xE) '0)Nx,'(0)C X*. Since codim G <, G cannot be isomorphic to
a Hilbert space, by our assumptions on X.

Thus, inf{ly"(x¥)(g.g)|:g8 €EG.llg]|=1}=0, for otherwise, ¢¥"(x¥)(g.g)
would yield an equivalent inner product norm on X, a contradiction. Since x, is a
Lipschitz smooth point of S, there is C >0 such that for each t ER, h € X,

(1) d(xo+ th) = ¢(x0) — ¢'(xo)(th) < Ct*|| b I

Choose g € G, g#0, such that ¢"(x¥)(g g)<(1/100C)| g|*. By the Taylor
formula,

@) (x5 +1g)=Y(x)+ ¢ (x3)(18) + 34" (x ) (18, 18) + o (1),

where lim,_s[o(£)/t?] =0 and the derivatives are taken in the Gateaux sense.
Choose h € H with ||h| = (1/10C)| g| and

o thl ==l e |
g =3lgl- 1kl =5elglF.
By (1) and (2), we obtain

2 2 2 2
Ixo+ hf < 1+ SLEL gng ez +rgl<t+d.CIEl s o).
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Thus, we have

140 glPsam = 1+ 2g(h) = (x} +1g)(xo+ th)

30C —
2)( 2 2 )
<|x%+1gl- ||x0+th||<(1+—u-g—“—10()c 1+—H&1L200C+a(:)

zooc )

where lim,_o[a(t)/t°] =0. This is a contradiction and the theorem is proved.
The next theorem is a variant of Lindenstrauss’ result ([16]) on the density of
smooth points on the sphere of certain spaces.

2.8 THEOREM.

for which all of the points of its unit sphere are Lipschitz smooth points, then the set
of all Lipschitz smooth points of the original unit sphere S, is dense in S,.

Proor. Using LLemma 2.4 above, follow the proof of theorem 3 in [16].

2.9 CoroLLARY. [, (N), 1< p <2, does not admit an equivalent twice Gateaux
differentiable norm.

ProoF. Let g satisfy 1/p + 1/q = 1. The usual norm on [, (N) has modulus of
smoothness p(r)= Cr?, so, by Lemma 2.4, all the points of the unit sphere in
I,(N) are Lipschitz smooth. Now assume there is an equivalent twice Gateaux
differentiable norm on I,(N). By Theorem 2.8, the corresponding dual unit
sphere has Lipschitz smooth points and, by Theorem 2.7, [,(N) is isomorphic to
Hilbert space which is a contradiction.

3. Main results

3.1 THEOREM. Assume that X is a separable Banach space which admits a
differentiable norm whose differential is locally Lipschitz on the unit sphere S, .
Then X admits a twice Gateaux differentiable norm whose first differential is
locally Lipschitz on S,.

PROOF. Let ¢po:R—R be a C*-function, ¢ =0, even, ¢, =0 outside [ —1,4]
and frdo=1. Let ¢.(t)=2"do(2"t) for t ER and let {h;}, i =0,1,2,---, be a
dense sequence in $; C X. Now define a sequence {f,} of functions on X by:
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folx)y=1lx

2
’

n

f,.+|(x)=";‘"‘| fu(x - Z) tihi)‘d)u(to)'(bl(tl)'"¢n(tn)dtodtl"‘dtn

forn=0,1,2.---.
This sequence of functions has the following properties:

(i) Each f, is a convex and continuous function. This is an immediate
consequence of the facts that f, is convex and ¢, =0.

(ii) There is a function f: X — R such that f, — f uniformly on bounded sets, f
is Frechet differentiable with a locally Lipschitz differential and

f'(x)(h) =1lim L f:,(x - 20 z,-h,-) (h)- H &:(t)dte- - dt, for x,h € X.

To see this, let m = n and consider || x || = r. Then,

| f () = fu ()]
Lm.. [fn (x - 2) t.-h.) ~fo <x - ZO t.-h.-)] [ & (t)dtodt, - - - dt,,

i=0
Sl[
lls 12t

* HE th, ") [T v (uyd - i,
=Q2r+2)2n

7

> th, " <2||x I+ " 2 _tihi’

n+1

Thus, by the Cauchy criterion, f, — f uniformly on B(0,r), for some f: X —>R.

Now, fu(x)h = [em i fo(x —Zotib )(h)1o i (8 )dto - - - dt,, for each x, h € X.
Since Uz {Z%otih; 1| 6:] = 1/2"*'} is relatively compact and f4 is locally Lipschit-
zian, it can be seen that for each x, € X there is §,,> 0 such that f§ is Lipschitzian
on B(x,,8,)— Ui., {E0th :[t,|=1/2""}, with Lipschitz constant C,,. There-
fore, as above, if x, y € B(xy, 8,),

[(fm(x) = fu(yDh] éJ’RM Colx =yl I:I &i(t)dto- - dty,

= Gollx —y].
Finally, if x € B(x,,8,), m Zn and ||h]|=1, then

02w -faemml< | | .,

D t.-h,-" [1 6 dte---dt.—0
P=n+1 i =0

uniformly on B(x,,8,,) as n, m —x. So f'(x)h exists in the Fréchet sense and is
locally Lipschitzian in X. Moreover,
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f'(x)h =li:an f:,(x - Eo :.-h.-)(h)g & (t)dto- - dt,.

(ili) f is a twice Gateaux differentiable function on X.
Let 0=<i=n be fixed, h, x €X and m = n. Then

lim | L [fa <x + ah; — }m:,) t.-h,-) h—f (x - 2 t,-hi> h] 1‘1 b (t)dto- - dt,,

R Q0

= lim %[f{,(x—toho—---—(t,- —a)h =+~ tuha)h

m

—fé(x -> t.-h,-) h]-g@(n)dto---dzm

i=0

= lim N fo (x — 2) t.-h,-) (B)olto) - _(¢i(ti + aa)— ¢i(ti)).

a—0 JR™

‘ ¢i+1 (ti+1)' .. ¢m(tm )d!o' .- dt,,
= J;,,.‘, fo (x - 2 tih-‘) (h): bol(to) - oit) Pt )dto' o dt,.

i=0

Using an argument similar to that in (i) above, we see that

li:‘n L'"“ f(')(x - 2 t.-h.-)(h)d)o(to). @) P (t)dlor - - it

exists uniformly for x € B(xo,8.,), |h[| =1, for fixed i. Thus, for each x € X,
iENand h € X,

P b =tim [ f5(x = 50k bt 8100+ a0 i+ .

Further, since the Fréchet differential f' is locally Lipschitzian and {h;} is a dense
set of directions, f"(x)(h k)=lim;f"(x)(h,k;) uniformly on [|h]|=1 and
x € B(x,,8,,) whenever k; — k. Also, since f"(x)(h, k.) is locally Lipschitzian in x
for each i, f"(x)(h, k) is, for h, k fixed, continuous in x. Thus, f"(x)(h, k) is, for a
fixed x, a bounded, symmetric, bilinear form in h, k.

(iv) Let g be the Minkowski functional of the set Q ={x € X : f(x) = 16}. We
claim that q is an equivalent twice Gateaux differentiable norm on X.

This follows, since if ||x||>5, then f(x)>16. Also f(0)<16 and f is a
continuous, convex function. Thus, g is an equivalent norm on X. Further, if
[ x]>5, then f'(x)(x)>12 and f'(— x)(— x)> 12, since, setting a = Z/_ot:h;, we
have |la| <1 and, for 0<a <},
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L1+ e)x - af - lx - alp)

= (I +a)x —al+]x - al)li(d+a)x - all-|x - al)

21+ a)x —al-x —al) =201+ a)(x — a) + eal-|x - al)

2%((1+a)||x —al-alal-lx—al)=4(x ~al-lal)=12.

Hence

f(0)(x) =lim f fo (x -3 t.-h.-) (x) ﬁ i(t)dty -~ dt,

i=0
= 12.

Similarly, f'(—x)(—x)=12. Thus, by the implicit function theorem, we have

o= -[(75) )] @)

When restricted to finite dimensional subspaces, f” exists in the Frechet sense
and is continuous. Thus, it follows that ¢ has a second Gateaux derivative on
X \{0} and g’ is locally Lipschitzian on the sphere.

We note that “locally” can be dropped in the hypothesis and conclusion of
Theorem 3.1.

In the sequel we will need the following.

3.2 TuEOREM If X is US (resp., LS), then X admits a differentiable norm
whose differential is uniformly continuous (resp., Lipschitzian) on the unit sphere.

Proor. Assume that X is LS. (The proof for the case when X is US is
similar.) Let ¢ : X —R be differentiable and symmetric, with ¢’ Lipschitzian,
¢ =0, inf¢p = —1=¢(0) and supp$ C B(0,1). Then 2x||—2= ¢(x). Define,
for t >0,

wd,(t):sup{d)(x Th)t "’”(;f"‘ h)=26(%). e x |In)< z}.
Let ¢ : B(0,1)—>R be defined by
tl/(x)=inf[§;‘,ai¢(x.-):2a.-xi =x,a20,Y 0 =1,x €B(0,1),n EN}.

Let G ={x € B(0,1):y(x)< —3}.
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We claim that ¢ has a Lipschitz differential on G. To see this, let x € G,
hE€X, ||h|<i, h#0and 0<e < —i—y(x) be given. Let x; € B(0,1), a; =0,
Ztaa; =1 be such that £, a¢(x;)<¢(x)+e|h]|< -4 and assume that
b(x)<0,i=1,2,---,k and ¢(xk1)=--=d(x,)=0. Then

'_ZI aid(x)z — ; ai,

v

1
2

solza=3%, o, =4 and

x,~+£h”§llxill+2ﬂhﬂél fori=1,- k

Thus

G(x+h)+d(x —h)=2¢(x)

IIA

éa,-d)(x,- +§h> + éa,-d)(x,- —%h) —22ai¢(x,-)+26 k|

> af6(x+ Lh)+ o(x—Lh)-260)|+2¢ )
éaw,,(u%u)-l%-”+2£ 1.

Since ¢ >0 was arbitrary,

Yx+h)+d(x —h)=2¢(x)<2ws |k )-[hI= CliA

2

This implies the existence of ¢’

Now, to substantiate our claim, let x, y € G, 0 <||x — y || <4 be given. Then for
heX, |h|=lx—yl, x+h€B@,1), y-(x+h—y)EB©1) and, by
convexity,

W) - ¢'NB)=d(x +h)—d(x)—v'(y)(h)
=Y(x+h) () - ¢')x+h—y)+d(y)—d(x)+¢'(y)(x —y)
SYx+h)—d(y)-¢d'(y)x+h—y)
SY(y+(x+h—y)+y(y-(x+h—y)=2¢(y)
=202l x +h —yDlix +h —y| =40, @lx =y Dlix -yl

By taking the supremum over all h € X, [[h]=|x —y|, we obtain that, for
%, yEG, 0<|x-y[ <4,
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lo'() = b'(y)ll = dws (4l x =y D < Cllx =y

Let Q ={x € B(0,1): ¢(x) = —3} and let q be the Minkowski functional of Q.
Then g(x)+ q(~ x) is an equivalent norm on X and, using the properties of
and that for g(x)=1,

Yx)x)Zd(x)~¢(O) =3,
we can complete the proof as in Theorem 3.1.

3.3 THEOREM. Either of the following conditions (i) or (ii) implies that X is
super-reflexive :

(i) X is LUS and no subspace of X is isomorphic to c,.

(ii) The norm on X has a locally uniformly continuous differential on X \{0} and
the unit ball of X has at least one strongly exposed point.

Proor. (i) Every non-super-reflexive space contains a non-super-reflexive
separable subspace, so it is sufficient to consider scparable X. Now each
separable X admits an LUR norm, so the result follows from Proposition 2.1 and
Theorem 3.2.

(ii) Assume x, is a strongly exposed point of B(0, 1) and let || be uniformly
continuous on B(x,,e). Let H={h € X :||xo|(h)=0}. Since x, is strongly
exposed, there is 8 >0 such that for h € H, ||h]> e, we have ||[x + h||= 1+ 6.
Forh € H, let ¢(h)=|xo+ h||+]|[xo—h|—2.Set Q ={h € H: ¢p(h)=5/2} and
let g be the Minkowski functional on B(x,, ). As in Theorems 3.1 and 3.2, we
can see, by the implicit function theorem, that g is an equivalent norm on H with
uniformly continuous differential on its unit sphere. Thus, there is such a norm
on X, so X is super-reflexive.

Analogously, one obtains a Lipschitz version of Theorem 3.3 which we state
without proof.

3.4 THEOREM. Either of the following conditions (i) or (ii) implies that X
admits an equivalent norm with a Lipschitz differential on its unit sphere :

(1) X is separable, LLS and no subspace of X is isomorphic to c,.

(ii) The norm on X has a locally Lipschitz differential on X \{0} and the unit
ball of X has at least one exposed point.

Condition (ii) in the above theorems should be compared with [3] where a
similar result is proved for uniform convexity.
Some of the above results can be summarized in the following.

3.5 THEOREM. If a separable Banach space X is LLS and no subspace of X is
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isomorphic to c,, then X admits a twice Gateaux differentiable norm the first
Fréchet differential of which is Lipschitzian on the unit sphere.

3.6 CoroLLARY. If Xix LLS and no subspace of X is isomorphic to c,, then X
is of type 2.

Proof. If X is not of type 2 it contains a separable subspace not of type 2.
Thus, it suffices to use Proposition 2.1 and Theorem 3.2 and the result of Figiel
and Pisier ([8]) stating that X is of type 2 provided the differential of a norm on
X is Lipschitzian on its unit sphere. We take the liberty of giving a shorter proof
of their result.

Suppose that ||-||' is Lipschitzian on the unit sphere, that is, by the uniform
analogue of Lemma 2.4, there is C >0 such that for each x, y € X we have

fx+y

*+lx—ylF=2lxlF+2C]yl"

We claim that, for each n and each h,, h,, -, h, € X,

2

e =%l

n

2 eh;
1

=P+ AR

Indeed, suppose that the estimate is true for numbers up to n. Then

Zlzenl- 5 )

-2t

% (2

=21

=22,

n

2 gh: + hn+l

n

2 E.‘h.‘ _hnH

2
+

n

z th(

i=1

A

‘2+zcuh,,ﬂllz)

i=1

2 Sih.'” '+'2’“‘l C” hn+|||2

=2-2"|hJF+2" C Y | b
i=2

2 + 2n+l C” h,.” ”2

n+l

=2*""|hf+27C 2 || AP
i=2

3.7 CoroLLARY. If X and X* are both LLS, then X is isomorphic to a Hilbert
space.

PrOOF. By a result of Bessaga and Pelczynski ([1], see [17], p. 103), if X*
contains a subspace isomorphic to ¢y, then X contains a complemented subspace
isomorphic to I,. Since I, is not LLS ([15], [2]), we sce by Corollary 3.5 that both
X and X* are of type 2. Our result now follows from Kwapien’s characterization
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of spaces isomorphic to Hilbert spaces, namely, spaces X such that X and X*
are both of type 2.

REMARKs. (1) Corollary 3.6 generalizes Meshkov’s result [21] that if X, X*
both admit C*-bump functions then X is isomorphic to Hilbert space.

(2) By Proposition 2.1 and Theorem 3.2, there is no LUR norm on ¢, with
locally uniformly continuous differential on the unit sphere. Thus, in general, no
averaging result, like Asplund’s, which holds for C'-norms, can be expected for
C?*-norms. Therefore the result of [22], which states that there is an LUR norm
on ¢, which is a uniform limit of C*-norms, cannot be strengthened, in some
sense.

(3) If p>2, then X =(Z;.,6P!;), is an example of a Banach space whose
norm is Lipschitz differentiable ([8], [9]) and which cannot be renormed with a
C*-norm. The latter fact can be proved using the methods used in [20]. Thus,
Theorem 3.1 cannot be strengthened to show the existence of a C*norm.

(4) In [12] James constructed a nonreflexive space X of type 2. By Theorem
3.3, this space is not an LUS space.
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